Student seminar exercise sheet Week 12

1. In this exercise you finish the proof of Proposition 5.7, from Nancy Chil-
dress’s book.
Let K/F be a Galois extenion of number fields, with cyclic Galois group
G = (o). Let v be a place of F' and w be a place of K above v. We define
8 := {v € Vp : v is infinite, or vramifies in K/F}. We want to show that
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(a) Define A = [[, 45 Ay, where A, =[], Uw, and notice that 8 is a
finite set. Show that A =~ U, and s(G)A, = U,.

(b) Show that [kera, s(G): (¢ —1)4,] = 1.

(c) Show that AY = s(G)A and kera s(G) = (0 — 1)A, and conclude.

2. This exercise will prove lemma 5.9 of Nancy Childress’s book.
Let G be a finite group acting on a finite set 8. Let
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be a vector space. Then GG acts on V' via

o (Z anw> = Z A Xow-
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Let £ C V be a lattice preserved by G. You will show in this exercise that
there exists a basis {Yy, }wes of V' contained in £ such that o(Y,,) = Yo,
forall c € G, w € 8.

For any » s awXy € V), define the following norm on V' :

1) awXullo = max,{la,| : w € S}
weES

To prove this exercise use lemma 5.8 from the book, which states that if
we have a set {X/ },es such that for every w € 8 || X), — Xullo < m,
then {X] }wes is also a basis for V.



(a) Let {wy, ..., w,} to be a complete set of representatives for the orbits
of the action of G on 8. Show that for ¢ € {1,...,7} we can choose
elements X, € QL such that

1
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(b) Define for all i € {1,...,r}
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where G, := {0 € Glo(w;) = w;}, and show that
1X0, = Xuwllo < Fmsv-

(c) Show that defining X; to be o(X}; ) whenever cw; = w is a definition
that makes sense. In particular a similar definition would not have
made sense on the X/, ’s.

(d) Show that {X'},es is a basis of V contained in QL and that we can
transform it into a basis contained in L.

(e) Call the basis found in the previous point {Yy, }wes, and show that
0(Yy) = Yo, for any o € G, w € 8. This will conclude the proof of
the lemma.

3. Let K/F be an abelian extension of number fields, and let § = f(K/F).

(a) Show: if m is an ideal of O such that 8;5’"1 C F*Ng/pJk, then
Zr(m) € Zr(f)-
(b) Prove or disprove and salvage: If E;{m C F*Nk/rJk, then

PhwNic/r(m) = P Nicp(F) 0 Zp(m).
(¢) Suppose Zp(m) C Zp(f). Show that there is a natural embedding

IF(m)/P;mNK/F(m) — IF(f)/P;fNK/F(f)

induced by inclusion.

(d) Under what circumstances is the embedding of part (c) an isomor-
phism?

4. Let K = Q(v/5,i). Then Gal(K/Q) = {1,0,7,07}, where ¢ is complex
conjugation, while 7 fixes i and sends v/5 — —+/5. Suppose pZ is an
unramified prime in K/Q.
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i.e., give congruence conditions on p that determine whether the Artin
symbol is 1, o, 7, or o7. (Hint: If you can find some cyclotomic field
that contains K, then Example 1 of Chapter 1 may be useful.)

Give necessary and sufficient conditions (in terms of congruence) on
pZ to split completely in K/Q. Compare your answer with (a) and
Theorem 1.18:

Theorem 0.1. Let K C Q((pn), then identify Gal(Q(¢n)/Q) =
(Z/mZ)™ and let H < (Z/mZ)™ be the subgroup corresponding to
Gal(Q(¢m)/K). The primes p ¥ m that split completely in K/Q are
precisely the unramified primes with trivial Artin automorphism.

Suppose pZ is inert in Q(z)/Q. What can you say about
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Suppose pZ splits in Q(4)/Q, say pZ[i] = py’.
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What can you say



